Introduction.
We use to denote the set of real numbers, for the natural numbers, and by a domain (Ω) such that f and all its distributional partial derivatives ∂ i f of order |i| ≤ k are representable by integration against functions belonging to L p (Ω, dx). When endowed with the norm
the space W k,p (Ω) becomes a Banach space (cf. [1] ). These spaces are useful in the theory of partial differential equations, and have been much studied.
In general,
(Ω) when p < +∞ (and is weak-star dense when p = +∞), but it may happen that C 
for ( − δ) domains. Subsequently, in 1987, Lewis [7] showed that
whenever Ω is a Jordan domain in 2 , and he asked [6] whether this holds for 
, and Vodopyanov (private communication), independently, found an example subject to the same restriction. It was suspected that this restriction was essential, and that for p < d/k one would find that for each bounded domain Ω, with Ω =int closΩ, the space
The purpose of this paper is to show that this suspicion is unfounded:
there exists a bounded domain Ω, with Ω =int closΩ, such that for each p ∈ [1, +∞) and each k ≥ 1, the space W k,∞ (Ω) fails to be dense in W k,p (Ω); in fact, we shall produce
an Ω and a function 
Choos pairwise-disjoint closed balls
This guarantees that the set
We further assume that r n < 1/2 for each n.
On each (d − 1)-dimensional B n , erect the diamond, or cone:
where S n denotes the boundary of B n , a sphere of dimension d − 2.
Then H is a compact subset of B d (0, 1), and E ⊂ H. We note further that
Then Ω 0 is a bounded open set in d , having two components:
and
We proceed to construct the connected open set Ω by drilling a central vertical round hole through each diamond D n . Let
Then C n is an open subset of d , and using the fact that r n < 1/2 it is easy to check that C n ⊂ d (0, 1) and
Then Ω is a bounded domaini, and equals the interior of its closure.
Next, we construct the function f . We take f to be a C ∞ function on Ω such that f = 1 on Ω + , f = 0 on Ω − , and on each C n , f (x 1 , . . . , x d ) depends only on x d and satisfies
where the constants α k > 0 depend on k, but not on n.
3. The Properties of the Example.
(3.1) Let k ∈ and 1 ≤ p < +∞. Then for each n,
(3.2) Next, we observe that, given z, w ∈ Ω, there is a polygonal arc Γ ⊂ Ω, joining z to w, of length at most 5|z − w| (-the 5 is not intended to be sharp). It follows that 
Suppose that there exists a sequence
Then f − g n W 1,1 (Ω + ) → 0, and 
such that ρ(g) = g|E whenever g ∈ C(closΩ + ) ∩ W 1,1 (Ω + ). This fact rests upon the Lipschitzian character of the boundary of Ω + , and the fact that E ⊂bdyΩ + .
It follows that ρ(g n ) = ρ(g n • R), since g n extends continuously to clos(Ω). Also ρ(f ) = 1 and ρ(f • R) = 0. Thus
= 0.
This contradiction shows that f does not belong to the closure of W 1,∞ (Ω) in W 1,1 (Ω).
It follows that for each k ∈ and 1 ≤ p < +∞,
Remark. To obtain the result for 1 < p < +∞, one could employ the older Lipschitz boundary result of Stein (cf. [8, p. 192, 4.2] ). The BV result quoted above allows us to give a clean treatment of the general case. One could also give a direct proof of the desired property.
Problem.
As Vodopyanov points out, it now becomes interesting to characterise those domains Ω such that W k,∞ (Ω) is dense in W k,p (Ω).
